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NODED TEICHMU¨LLER SPACES
RUBE´N A. HIDALGO AND ALEXANDER VASIL’EV
In memory of our colleague Miguel Bla´zquez
Abstract. Let G be a finitely generated Kleinian group and let ∆ be an
invariant collection of components in its region of discontinuity. The Te-
ichmu¨ller space T (∆, G) supported in ∆, is the space of equivalence classes
of quasiconformal homeomorphisms with complex dilatation invariant un-
der G and supported in ∆. In this paper we propose a partial closure
of T (∆, G) by considering certain deformations of the above homeomor-
phisms. Such a partial closure is denoted by NT (∆, G) and called the
noded Teichmu¨ller space of G supported in ∆. Some concrete examples are
discussed.
1. Introduction
An analytically finite Riemann orbifold S is a closed Riemann surface of
genus γ together with a finite collection of conical points x1, ..., xn ∈ S of orders
2 ≤ v1, ..., vn ≤ ∞, respectively. It is said to have signature (γ, n; v1, ..., vn).
In the case n = 3 we say that S is a triangular orbifold. If n = 0, then S is
a closed Riemann surface, and if n > 0 and vj = ∞ far all j, then S is an
analytically finite punctured Riemann surface. Let G be a Kleinian group with
the region of discontinuity Ω, and let L ∈ G be a loxodromic transformation.
We say that L is primitive if it is not a nontrivial positive power of another
loxodromic transformation in G. We say that L is simple loxodromic if there
is a simple arc on Ω which is invariant under L, we call it an axis of L, whose
projection on Ω/G is a simple loop or a simple arc connecting two conical
points of order 2. A parabolic transformation P ∈ G with a fixed point p is
called double-cusped, if any other parabolic element of G commuting with P
belongs to the cyclic group generated by it and there are two tangent open
discs at p in Ω, which are invariant under the stabilizer of p in G. Generalities
on Kleinian groups may be found in Maskit’s monograph [16].
Let G be a finitely generated Kleinian group G with the region of disconti-
nuity Ω(G) and limit set Λ(G) = Ĉ−Ω(G). We proceed to recall the definition
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of the Teichmu¨ller space of G supported at ∆. Details may be found in [21].
Let ∆ ⊂ Ω(G) be a collection of components of Ω(G) which is G-invariant,
that is γ(∆) = ∆ for every γ ∈ G. As a consequence of the Ahlfors finiteness
theorem [3], we have that ∆/G is a finite union of analytically finite Riemann
orbifolds. Set
L∞(∆, G) = {µ ∈ L∞(∆); µ(g(z))g′(z) = µ(z)g′(z), a.e. ∆, for all g ∈ G},
and
L∞(∆, G)1 = {µ ∈ L
∞(∆, G); ‖µ‖∞ < 1}
The measurable functions µ in L∞(∆, G)1 are called Beltrami coefficients
for G supported in ∆. An orientation preserving homeomorphism w : Ĉ→ Ĉ
is called a quasiconformal homeomorphism if there is a Beltrami coefficient
µ ∈ L∞(Ĉ)1 (called the complex dilatation of w) such that w has distributional
partial derivatives ∂w, ∂w in L2loc(Ĉ) satisfying the Beltrami equation
∂w(z) = µ(z)∂w(z), a.e. z ∈ Ĉ
The following lemma is a classical result and its proof can be found, for
instance, in [15].
Lemma 1.1. Let µ ∈ L∞(∆, G)1 and let w : Ĉ → Ĉ be a quasiconformal
homeomorphism with complex dilatation µ. Then wGw−1 is a Kleinian group
with region of discontinuity w(Ω(G)).
Let G and ∆ be defined as before and let µ and ν be two Beltrami coefficients
for G supported in ∆. If wµ (respectively wν) is a quasiconformal homeomor-
phism solving the Beltrami equation for µ (respectively ν), then we have a
natural isomorphism θµ : G → wµGw
−1
µ (respectively θν : G → wνGw
−1
ν ).
We say that µ and ν are Teichmu¨ller equivalent if there is a Mo¨bius trans-
formation A satisfying the equality θµ(g) = Aθν(g)A
−1 for all g ∈ G. In the
case of a non-elementary G equivalently, wν and Awµ coincide on the limit set
of G. The Teichmu¨ller space T (∆, G) of G supported in ∆ is the set of all
Teichmu¨ller equivalence classes of Beltrami coefficients for G supported in ∆.
If ∆ = Ω(G), then we denote this space by T (G). In the particular case of
a simply connected ∆, the space T (∆, G) is a copy of the Teichmu¨ller space
T (S) of the Riemann orbifold S = ∆/G, see [21].
If G is non-elementary and ∆/G is not the union of triangular orbifolds (we
say that G is not triangular), then T (∆, G) is known to be a non-compact
complex manifold of finite dimension (see, for instance, [13] and [21]). Let us
write ∆/G = S1 ∪ · · · ∪ Sk, where Sj (j = 1, ..., k) is an analytically finite
Riemann orbifold. Consider a maximal collection ∆1,..., ∆k of non-equivalent
components of ∆, and set Gi = {g ∈ G : g(∆i) = ∆i}. We may assume
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that ∆i/Gi = Si. As a consequence of the results of [12] and [23], we have
an isomorphism Q : T (∆, G) → T (∆1, G1) × · · · × T (∆k, Gk). Moreover, the
results of Bers [5] and Maskit [18], assert that the universal cover of T (∆, G)
is the product of the Teichmu¨ller spaces T (S1)×· · ·×T (Sk). Let us denote by
Mi the moduli space of Si, i.e., the space of conformal classes of analytically
finite Riemann orbifold structures on Si, and let M stand for the disjoint
union ofM1,..., Mk. The holomorphic map Q induces a natural holomorphic
(branched) covering map pi : T (∆, G)→M.
It is known thatMi is compact only if Si is a Riemann orbifold with at most
3 conical points. If we consider on Si a finite collection of pairwise disjoint
families of (i) simple closed geodesics disjoint from the conical points, and (ii)
simple geodesic arcs connecting two conical points of order 2, each of which
does not contain other conical points, then, by a process of pinching them,
we obtain a topological space called a stable Riemann orbifold of type Si. We
may talk on conformal homeomorphisms of stable Riemann orbifolds (orien-
tation preserving homeomorphisms fixing the conical points with their orders,
being holomorphic at the complement of the pinched portions, called nodes).
In particular, we may talk on conformal classes of stable Riemann orbifolds
of type Si. A compactification M˜i ofMi, called the Deligne-Mumford’s com-
pactification, is obtained by adding the conformal classes of stable Riemann
orbifolds of type Si to Mi. In this way, a compactification of M is obtained
as the product of the above compactifications.
At this point, it is natural to ask for a partial closure of T (∆, G), such that
the border points of this closure correspond to some of the border points in
Deligne-Mumford’s compactification (as previously seen) in a natural sense.
We shall construct such a clusure NT (∆, G) in Section 5, so that the extra
points that we add to T (∆, G) produce, in terms of Kleinian groups, stable
Riemann orbifolds in M. The points in NT (∆, G) − T (∆, G) correspond to
deformations of the group G by the process of approximation of double-cusped
parabolic elements of G by certain primitive simple loxodromic ones (see the
works of Keen, Series and Maskit in [11], and of Maskit in [17, 19]). The de-
formation is produced by some boundary points µ ∈ ∂L∞(G,∆)1, called noded
Beltrami differentials for G. At the level of the Riemann orbifold S = ∆/G
this means that we permit certain pairwise disjoint simple closed geodesics on
S and maybe some simple geodesic arcs connecting conical values of order 2
to degenerate to points in order to produce a finite collection of noded Rie-
mann orbifolds. The loops and arcs which we consider in the degeneration
process are the projections of appropriately chosen axes of the primitive sim-
ple loxodromic elements of the group that approach double-cusped parabolic
transformations.
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In the particular case of a Fuchsian group G of the first kind and of ∆ as
one of two discs in Ω(G), the constructed partial closure is exactly Abikoff’s
Augmented Teichmu¨ller space [1] [2]. If G is a Schottky group and ∆ = Ω(G),
then NT (G,∆) coincides with the noded Schottky space as defined in [7]. In
the survey [6] is discussed some others closures of Schottky space. But, as
long a group is geometrically finite and free of rank equal to the rank of G,
then it belongs to the noded Schottky space NT (G,∆) [7, 9]. In Section 5
we provide more examples to describe this partial closure and relate them to
known partial closures.
If G is a finitely generated Fuchsian group acting on the upper-half plane H,
so that H/G is a closed Riemann surface, then a natural compactification of
T (H, G), at the level of quasiconformal deformation, due to Bers [4] is obtained
by the embedding of T (H, G) as a bounded domain into the space of quadratic
holomorphic forms. Another natural compactification of the Teichmu¨ller space
of a surface of genus g, due to Thurston, is obtained by adding measured
projective laminations. It is to large in our setup. Another compactification
of the Teichmu¨ller space can be found in [10].
2. Noded Quasiconformal Deformations
In this section, G will denote a finitely generated Kleinian group and ∆ 6= ∅
a G-invariant collection of components of Ω(G).
2.1. Noded quasiconformal maps. We denote by L∞(∆, G)1 the closure of
L∞(∆, G)1 inside L
∞(∆, G). For each µ from L∞(∆, G)1 we define the region
of discontinuity of µ, denoted by Ω(µ), as the set of all points p ∈ Ĉ, such that
there is an open neighborhood U of p ∈ U and ‖µ|U‖∞ < 1. Its complement
Λ(µ) = Ĉ−Ω(µ) is the limit set of µ. By definition, the set Ω(µ) is open and
Λ(µ) is compact.
Proposition 2.1. For each µ ∈ L∞(∆, G)1, both Ω(µ) and Λ(µ) are G-inva-
riant.
Proof. It is enough to check the invariance of Ω(µ). Let p ∈ Ω(µ), U be an
open set containing p, such that ‖µ|U‖∞ < 1 and g ∈ G. Set g(U) = V .
The invariance property µ(g(z))g′(z) = µ(z)g′(z) asserts that ‖µ|V ‖∞ < 1. In
particular, g(p) ∈ Ω(µ). Since g−1 also belongs to G, we have the invariance
property of Ω(µ) as claimed. 
If U ⊂ Ĉ is an open set, then we denote by L2,1loc(U) the complex vector space
of maps w : U → Ĉ with locally integrable distributional derivatives.
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Definition 2.1. Let µ ∈ L∞(∆, G)1 and let w ∈ L
2,1
loc(Ω(µ)) be an orientation-
preserving map. We say that w is a noded quasiconformal map with dilatation
µ if
(i) there is a component of Ω(µ) homeomorphically mapped by w onto its
image;
(ii) ∂w(z) = µ(z)∂w(z), a.e. z ∈ Ω(µ);
(iii) there is a sequence µn ∈ L
∞(∆, G)1, converging to µ almost everywhere
in Ω(µ);
(iv) there is a sequence wn : Ĉ → Ĉ of quasiconformal homeomorphisms
with complex dilatations µn, converging to w locally uniformly in Ω(µ).
The following existence result is classical and we give the proof as a matter
of completeness.
Proposition 2.2. If µ ∈ L∞(∆, G)1 is such that Ω(µ) 6= ∅, Ω1 is a connected
component of Ω(µ), and x1, x2, x3 are three different points in Ω1, then there
is a noded quasiconformal map w with dilatation µ fixing the points x1, x2 and
x3, which is a homeomorphism when restricted to Ω1.
Proof. Let us assume µ ∈ L∞(∆, G)1 − L
∞(∆, G)1. By Proposition 2.1, both
sets Ω(µ) and Λ(µ) are G−invariant. Let us consider the maximal collection
Ω1, Ω2, . . . of connected components of Ω(µ) which are not G−equivalent.
We set domains Ain ⊂ Ωi, such that
(i) Ain ⊂ A
i
n+1;
(ii) ∪nA
i
n = Ωi;
(iii) µ restricted to ∪iA
i
n has essential sup norm less than one;
(iv) the points x1, x2, x3 belong to A
1
1.
Set
µn =
{
µ, in G(∪iA
i
n)
0, otherwise.
We have a sequence µn ∈ L
∞(∆, G)1 and let wn : Ĉ → Ĉ be quasi-
conformal homeomorphisms with complex dilatations µn, fixing x1, x2, x3.
Let us fix m. Then, for n ≥ m the sequence of quasiconformal homeomor-
phisms wn restricted to A
1
m are Km−quasiconformal homeomorphisms with
Km =
1 + ‖µm‖∞
1− ‖µm‖∞
, each of which fixes the points x1, x2, x3. Results on quasi-
conformal maps (see [15, page 14]) assert that there is a subsequence of {wn}
converging locally uniformly to a map f 1m : A
1
m → Ĉ. Of course, f
1
m fixes the
points x1, x2, x3. It follows from [15, page 15], that f
1
m is aKm−quasiconformal
homeomorphism (onto its image, so f 1m is an embedding). Similarly, we con-
sider a subsequence of maps on the domain A2m, which is a normal sequence in
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such a domain. One may find a subsequence of the above one that converges
locally uniformly in A2m either to a constant map or to a quasiconformal home-
omorphism f 2m. We proceed inductively with the domains A
3
m, A
4
m,..., to get
subsequences converging locally uniformly to some constant or a quasiconfor-
mal homeomorphism f im. Applying the diagonal process, we get a subsequence
of the original sequence wn that converges locally uniformly in each domain
Aim to a map f
i
m. We use this sequence to work similarly in each domain A
i
m+1.
In this way we get sequences with the required convergence property for each
m. We use again the diagonal process to obtain the desired sequence of maps.
The map w is given locally by the functions f im. 
2.2. Noded Beltrami coefficients for G supported in ∆. By the stereo-
graphic projection, we may see the Riemann sphere as the unit sphere in R3.
This allows us to consider the spherical metric and work with the spherical
diameter of a subset of Ĉ.
Definition 2.2. Let µ ∈ L∞(G,∆)1. A countable collection Fµ = {α1, α2, ...}
of pairwise disjoint simple arcs (including end points) is called a noded family
of arcs associated with µ, if the following properties hold
(1) α∗n ⊂ ∆, where α
∗
n denotes αn minus both extremes;
(2) the spherical diameter of αn goes to 0 as n goes to ∞;
(3) Λ(µ) = ∪∞j=1αj;
(4) Ω(µ) ⊂ Ĉ is a dense subset;
(5) the group Gn = {g ∈ G; g(αn) = αn}, is either a cyclic loxodromic
group or a Z2−extension of a cyclic loxodromic group.
We remark that there are Beltrami coefficients µ ∈ L∞(G,∆)1 for which
there is no associated noded family of arcs, for instance, if µ ∈ L∞(G,∆)1. In
Section 4 we construct an example of µ ∈ L∞(G,∆)1 with a noded family of
arcs, see also Example 2.1.
Definition 2.3. We define the set L∞noded(∆, G) of noded Beltrami coefficients
for G supported in ∆ as a set of those µ ∈ L∞(∆, G)1 for which there is
an associated noded family of arcs Fµ = {α1, α2, ...}, such that there is a
continuous map w : Ĉ→ Ĉ, called a noded quasiconformal deformation of G,
with the complex dilatation µ, and that w ∈ L2,1loc(Ω(µ)), satisfying the following
properties:
(1) w is injective in Ĉ−Fµ;
(2) w, when restricted to Ω(µ), is a noded quasiconfromal map with complex
dilataton µ;
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(3) the restriction of w to each arc αi is a constant pi, where pi 6= pj for
i 6= j.
Remark 2.1. Let µ ∈ L∞noded(∆, G) and let w : Ĉ → Ĉ be a noded quasicon-
formal deformation of G with the complex dilatation µ. Then, the following
statements are true
(1) if αn ∈ Fµ, then both end points are the fixed points of a loxodromic el-
ement of G. Such a loxodromic element keeps the connected component
of Ω(G) containing αn invariant;
(2) if Λ(µ) 6= ∅, then Λ(G) ⊂ Λ(µ). This is a consequence of Proposition
E.4 in [16, page 96];
(3) w(Ω(u)) ∩ w(Λ(µ)) = ∅. Indeed, if there were points p1 ∈ Ω(µ) and
p2 ∈ Λ(µ), such that w(p1) = w(p2) = q, then by continuity of w we
could find two disjoint open sets U ⊂ Ω(µ), p1 ∈ U , and V , p2 ∈ V ,
such that w(U) = w(V ). The density property of Ω(µ) (see (4) in
Definition 2.2) asserts that there are points q1 ∈ U and q2 ∈ V ∩ Ω(µ)
for which w(q1) = w(q2), what contradicts the one-to-one property of
the map w restricted to Ω(µ);
(4) L∞(∆, G)1 ⊂ L
∞
noded(∆, G);
(5) As a consequence of (3) in Definition 2.3 we have w(Ĉ) = Ĉ, that is,
the map w is surjective.
The importance of the noded quasiconformal deformations of Kleinian groups
is reflected in the following result.
Theorem 2.1. Let µ ∈ L∞noded(∆, G) be a noded Beltrami coefficient for G
supported in ∆. If w : Ĉ → Ĉ is a noded quasiconformal deformation for G
with the complex dilatation µ, then there is a unique Kleinian group θ(G) of
Mo¨bius transformations and a unique isomorphism of groups θ : G → θ(G)
such that wg = θ(g)w. Moreover, the region of discontinuity for the action of
θ(G) on the Riemann sphere is w(Ω(µ) ∩ Ω(G)).
Proof. Let µ be as in the hypothesis. For each g ∈ G we proceed to obtain an
orientation preserving homeomorphism θ(g) satisfying wg = θ(g)w. Moreover
by the construction, these transformations are conformal automorphisms of
the open set w(Ω(µ)). Let us denote the noded family of arcs associated with
µ by Fµ = {α1, ....} and let us set U = w(Ĉ−∪nαn). Define θ(g) : U → U by
the rule wg = θ(g)w. It is well defined because of the invariance property of
Ω(µ) given by Proposition 2.1 and the fact that w restricted to Ĉ−∪nαn is a
homeomorphism. The function θ(g) : U → U is a homeomorphism. We have
that the set w(Ω(µ)) is invariant under the action of θ(g) for all g ∈ G. A
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direct computation asserts that θ(g) is a conformal automorphism of w(Ω(µ)).
For each arc αt ∈ Fµ we have that w(αt) is just a point pt. The invariance
property of the arcs under the action of G asserts that g(αn) is again an arc
αm of the noded family: we set θ(g)(pn) = pm.
The following facts: (i) w is continuous, (ii) w restricted to Ω(µ) is injective,
(iii) w preserves orientation, (iv) w(Ω(µ))∩w(Λ(µ)) = ∅, (v) the points pt are
all different and (vi) w restricted to the complement of the arcs αt is one-to-
one, assert that the function θ(g) is an orientation preserving homeomorphism
of Ĉ, such that wg = θ(g)w. Moreover, we have obtained a group θ(G),
generated by the homeomorphisms θ(g), and an isomorphism θ : G → θ(G)
satisfying wg = θ(g)w.
The definition of the noded Beltrami coefficients for G states the existence of
a sequence {wn} of µn− quasiconformal homeomorphisms converging locally
uniformly to w in Ω(µ) with the Beltrami coefficients µn for G. It follows
that wngw
−1
n is a Mo¨bius transformation for all g ∈ G. In particular, θ(g)
is the local uniform limit of Mo¨bius transformations and, as a consequence,
itself is a Mo¨bius transformation. It follows that θ(G) is a group of Mo¨bius
transformations with the region of discontinuity Ω(θ(G)) = w(Ω(µ) ∩ Ω(G))
as claimed. 
The arguments done at the end of the above proof give the following trivial
result.
Corollary 2.1. Let µ ∈ L∞(∆, G)1 and let w : Ω(µ) → w(Ω(µ)) be a home-
omorphism with complex dilatation µ. Suppose that there is a sequence wn
of quasiconformal homeomorphisms with corresponding complex dilatations
µn ∈ L
∞(∆, G)1, converging locally uniformly to w in Ω(µ). Then there ex-
ist a group θ(G) of Mo¨bius transformations and an isomorphism of groups
θ : G→ θ(G), such that wg = θ(g)w.
Example 2.1. Let G be the cyclic group generated by the hyperbolic transfor-
mation C(z) = 2z and let θ(G) be the cyclic group generated by the parabolic
transformation A(z) = z + 1. Define w : Ĉ→ Ĉ as follows
w(z) =
{
h(|z|) + ig(η), for z = |z|eiη ∈ C− [0,∞],
∞, for z ∈ [0,∞],
where h(x) = ln(x)/ ln(2) − 1/2, and g(η) = 1/ tan(η/2). In this case
(z = |z|eiη)
µ(z) = (
z
z
)(
2− ln(2) csc2(η/2)
2 + ln(2) csc2(η/2)
).
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Figure 1. Graph of |µ(eiη)|
As we can see, the function |µ| depends only on the argument η. The graphic
of |µ|, as a function of the argument, is shown in Figure 1. We have ‖µ‖∞ = 1
and Λ(µ) = [0,+∞]. Moreover, it is not difficult to see that:
(a) µ ∈ L∞(∆, G)1;
(b) w is a noded quasiconformal deformation of G;
(c) wg = θ(g)w, for every g ∈ G.
If we denote by Q = {1 ≤ |z| ≤ 2} the fundamental annulus for G, then a
way to see the above is to consider for each n ∈ {1, 2, 3, ...}:
(d) the sequence of Mo¨bius transformations An(z) =
n−1
n+1
z + 1, which con-
verges to A(z) as n goes to ∞
(e) the sequence of the fundamental annuli Qn = {
n−1
2
≤ |z− n+1
2
| ≤ n+1
2
}
for the cyclic groups Gn generated by An;
(f) a sequence of homeomorphisms fn : Q→ Qn, converging to w : Q→ R,
where R = {0 ≤ ℜ(z) ≤ 1}, so that fn(C(z)) = An(fn(z));
(g) the extension of fn by the relation fn(C
k(z)) = Akn(fn(z));
(h) µn(z) =
∂fn(z)
∂fn(z)
∈ L∞(∆, G)1, for n = 1, 2, ...
In particular, µ ∈ L∞noded(∆, G).
For µ of Example 2.1 we have the following. Assume that w1 is another
orientation preserving homeomorphism defined on Ω(µ) solving the Beltrami
equation for µ. If we set X = w1(Ω(µ)), then T = ww
−1
1 : X → C is a
conformal homeomorphism. In particular, X must be the complement of a
point p on the Riemann sphere. If we define T (p) =∞ and w1|γ = p, then the
extension of w1 is continuous and T is necessarily a Mo¨bius transformation. In
particular, w1 has a natural extension to a noded quasiconformal deformation
of G. For more general situation for noded quasiconformal deformations we
have the following lemma.
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Lemma 2.1. Let µ ∈ L∞(∆, G)1, for some finitely generated Kleinian group
G. Let w1 and w2 be noded quasiconformal deformations of G with the complex
dilatation µ. We can find an orientation preserving homeomorphism T : Ĉ→
Ĉ with a conformal mapping T : w1(Ω(µ))→ w2(Ω(µ)), such that Tw1 = w2.
Proof. The construction of T is given as follows.
(3.1) If x ∈ w1(Ω(µ)), then set T (x) = w2(w
−1
1 (x)).
(3.2) If x ∈ w1(αn), then set T (x) = w2(αn).
(3.3) If x ∈ Λ(µ)− ∪nαn([0, 1]), then set T (x) = w2(w
−1
1 (x)).

Remark 2.2. Let µ ∈ L∞noded(∆, G) and let w : Ĉ → Ĉ be a noded quasicon-
formal deformation of G with complex dilatation µ. If θ(G) and θ : G→ θ(G)
are as in Theorem 2.1, then
(1) if p belongs to one of the arcs αi, then w(p) is necessarily a doubly
cusped parabolic fixed point;
(2) if p ∈ Λ(G) is a loxodromic fixed point in G, which does not belong to
any arc αi, then w(p) is again a loxodromic fixed point;
(3) if p is a rank two parabolic fixed point of G, then w(p) is again a rank
two parabolic fixed point in θ(G);
(4) if p is a doubly cusped parabolic fixed point of G, then w(p) is again
doubly cusped in θ(G).
Theorem 2.2. Under the hypothesis of Theorem 2.1, if G is geometrically
finite and has an invariant component of its region of discontinuity, then θ(G)
is also geometrically finite.
Proof. We use the same notations as in Theorem 2.1. As we remarked above,
we need only to check that if x ∈ Λ(θ(G)) is not a fixed point, then it is a point
of approximation. Let p ∈ Ĉ be such that x = w(p). Since x is not a fixed
point, the point p can not belong to any arc αn. In the sequel, w
−1(x) = {p}
and p ∈ Λ(G).
Assume that x is not a point of approximation in θ(G). Then for every
sequence {θ(gn)} of different elements of θ(G) there is a point z0 ∈ Ĉ − {x}
and a subsequence {θ(gnk)}, such that
d(θ(gnk)(x), θ(gnk)(z0))→ 0,
where d denotes the spherical diameter (see the definition of a point of ap-
proximation given in [16, VI.B.1]).
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Let us choose a point q ∈ Ĉ−{p} with w(q) = z0. The property θ(g)w = wg
for all g ∈ G yields that
d(w(gnk(p)), w(gnk(q)))→ 0.
We may assume, taking a suitable subsequence, that gnk(p) and gnk(q) both
converge, say to u and v, respectively. Clearly, u, v ∈ Λ(G). Then, the
continuity of w asserts that
w(u) = w(v).
Since p is a point of approximation for G, we may assume that for the
sequence {gn} there exists δ > 0, such that
d(gn(p), gn(z)) ≥ δ > 0,
uniformly in compact sets of Ĉ− {p}. In particular, we must have that
u 6= v.
It follows that there is n, such that u, v ∈ αn. The facts that u 6= v and
u, v ∈ Λ(G), imply that u and v are two extremes of the same arc αn, i.e., the
fixed points of a loxodromic element g ∈ Gn < G, where Gn is the stabilizer
of αn.
Since there is an invariant component ∆ ⊂ Ω(G), we may construct a simple
arc γ starting at p and ending at q, so that γ−{p, q} ⊂ ∆0, where ∆0 denotes
∆ minus elliptic fixed points.
Consider two open balls B1 and B2 in ∆ containing no elliptic fixed point,
such that B1 covers one extreme of γ − {p, q} (e.g., the extreme determined
by p) and B2 covers the other extreme. We can use compactness arguments to
find a finite number of balls B3,..., Br, in ∆ each, containing no elliptic fixed
point, and γ − {p, q} ⊂ B1 ∪ · · · ∪ Br.
Proposition B.3 in [16, page 17] asserts that the spherical diameter of gn(Bi)
goes to zero as n goes to infinity. In particular, the spherical diameter of
γn = gn(γ) goes to zero as n goes to infinity. But the diameter of the sequence
gnk(γ) goes to a value bigger or equal than the spherical distance between u
and v as n goes to ∞, that contradicts the inequality u 6= v. 
In Theorem 2.2 we have used the extra hypothesis that G is a function
group, that is, we have assumed the existence of an invariant component ∆ in
its region of discontinuity. This condition was needed at the end of the proof
in order to find an arc γ ⊂ Ω(G) connecting the points p and q obtained in
the proof. We may avoid such an extra condition by the following argumen-
tation. We may think of G as a group of conformal automorphisms of the
3-dimensional sphere S3. We can now find an arc γ ⊂ ΩS3(G) connecting the
limit points p and q. Then we can use the fact that the spherical diameter of
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gn(B) goes to zero as n goes to ∞ for each Euclidean ball B ⊂ ΩS3(G). This
allows to rewrite Theorem 2.2 as follows.
Theorem 2.3. Under the hypothesis of Theorem 2.1, if G is geometrically
finite, then θ(G) is also geometrically finite.
3. Topological Realizations
Let us consider a Kleinian group G and a G-invariant collection ∆ of com-
ponents of its region of discontinuity Ω(G).
A simple loop γ ⊂ S (or a simple arc connecting two branch values of order
2) is called pinchable if (a) its lifting on Ω(G) consists of pairwise disjoint
simple arcs, and (b) each of these components is stabilized by a primitive
loxodromic transformation in G.
The stabilizer of a component of the lifting of a pinchable loop γ is a cyclic
group generated by a primitive loxodromic transformation, and the stabilizer
of a component of the lifting of a pinchable arc is a Z/2Z-extension of a cyclic
group generated by a primitive loxodromic transformation. We say that such
a cyclic group (or Z/2Z-extension) is defined by the pinchable loop γ.
If α and β are two components of the lifting of a pinchable γ, then their
stabilizers are conjugate in G. We say that a collection {γ1, ..., γm} of pair-
wise disjoint pinchable loops or arcs is admissible if they define non-conjugate
groups in G for i 6= j.
For each collection F = {γ1, ..., γm} of pinchable loops on S we define the
following equivalence relation on the Riemann sphere Ĉ. Two points p, q ∈ Ĉ
are equivalent if either:
(1) p = q; or
(2) there is a component γ˜j of the lifting of some pinchable loop or arc
γj, such that p, q ∈ γ˜j ∪ {a, b}, where a and b are the endpoints of γ˜j
(that is, the fixed points of a primitive loxodromic transformation in
the stabilizer of γ˜j in G)
We claim that the set of equivalence classes for such an equivalence relation
is (topologically) the Riemann sphere. In fact, let us denote by F˜ the collection
of all arcs (included their endpoints), as considered above in (2), and let us
consider the collection of continua given by the collection of arcs in F˜ as points
and also each of the points in the complement of F˜ . The discreteness of G
asserts that such collections of points are semi-continuous as defined in [20].
Now the result follows from Theorem 22 from [20].
Let us denote by P : Ĉ → Ĉ the natural continuous projection defined by
the above relation.
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Question 1. Is there some orientation preserving homeomorphism Q : Ĉ →
Ĉ, such that the map QP : Ĉ → Ĉ is a noded quasiconformal deformation of
the group G?
The same arguments used in the proof of Theorem 2.1 permit us to obtain
the following.
Proposition 3.1. Let G be a Kleinian group and F be a collection of admissi-
ble pinchable loops. Denote by P : Ĉ→ Ĉ the continuous projection naturally
induced by the equivalence relation defined by F . Then we have a Kleinian
group θ(G) of orientation preserving homeomorphisms of the Riemann sphere
and an isomorphism θ : G→ θ(G), such that Pg = θ(g)P , for all g ∈ G.
Remark 3.1. Theorem 2.2 (and also the results of [19] and [22]) asserts that
if G is geometrically finite, then θ(G) is also geometrically finite.
4. Construction of Noded Quasiconformal Deformations
In this section we are aimed at construction of a sequence of quasiconformal
maps fn : Ĉ → Ĉ that converges to a noded quasicoformal deformation w
locally uniformly almost everywhere in Ĉ\Λ(µ). Each fn satisfies the Beltrami
equation ∂¯fn(z) = µn(z)∂fn(z) with µn ∈ L
∞(∆, G)1. To avoid actions of the
Mo¨bius group in Ĉ we require certain normalization for all maps fn assuming
fn(z) = z+a0+a1/z+. . . for z close to∞. The same normalization we assume
for w. We can suppose that the maps fn and w are conformal in |z| > R for
some R sufficiently big, such that
Fµ = {α1, ...} ⊂ {|z| < R}.
We also define a sequence of the domain systems in the following way. For
an arc αk there exists a simply connected domain ∆k,1 and a conformal map
Z = gk(z) with the following properties. The domain ∆k,1 contains the curve
αk so that the endpoints ak, bk of αk lie in its border, ∆k,1
⋂
∆j,1 = ∅, j 6= k,
moreover, G(∆k,1) is a system of non-overlapping domains. We mark four
points 1,2,3,4 at the border of ∆k,1 so that ak lies on the side 1,2 of the obtained
curved quadrangle and bk lies on the side 3,4. The rectifying conformal map
Z = gk(z) transforms the quadrangle ∆k,1 into the rectangle Rk,1 in (Z)-plane
with the vertices −i/2, i/2, lk + i/2, lk − i/2, gk(ak) = 0, gk(bk) = lk, gk(αk) =
[0, lk] with the obvious correspondence of the vertices, 1/lk is the modulus
of the quadrangle ∆k,1 with respect to the family of curves that connect the
sides 1,2 and 3,4. Now we set a quasiconformal map W = ωk,1(Z) ≡
Z−δ1Z¯
1+δ1
,
δ1 ∈ [0, 1) that maps Rk,1 onto the rectangle R
′
k,1 in the (W )-plane preserving
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three points ωk,1(0) = 0, ωk,1(∞) = ∞, ωk,1(i) = i. So this is a unique δ1-
quasiconformal map ωk,1 : Ĉ → Ĉ having the complex dilatation (−δ1) with
such a normalization.
Choose the domains ∆k,n = g
−1
k (Rn), where Rk,n is the rectangle in (Z)-
plane with the vertices −i/2n, i/2n, lk + i/2n, lk − i/2n
Now we define a sequence of the Beltrami coefficients µn(z), z ∈ Ĉ in
the following way. Let µ(z), z ∈ Ĉ be a noded Beltrami coefficient de-
generating (|µ(z)| = 1) in Fµ, and µ(z) = 0 in |z| > R (by the normal-
ization of the functions fn and w). Assume that it is a continuous func-
tion in Ĉ and |µ(z)|z∈∂∆k,n = δn = 1 − 1/(n + 1)
4 (independently of k,
n = 1, 2, . . . ). We put µn(z) = µ(z) everywhere in Ĉ −
⋃
∞
k=1∆k,n. Then we
assume µn(z) = −δne
iθn,k(z), θn,k(z) = arg (g′k(z)/g
′
k(z)), z ∈ ∆k,n for the cho-
sen k, and extend θn,k(z) for other k = 1, 2, . . . by the actions of the Kleinian
group G. Construct a sequence w = fn(z) of normalized quasiconformal maps
satisfying the Beltrami equation with the complex dilatation µn. By the con-
struction of µn, there is a conformal map W = hk,n(w) of the quadrangle
fn(∆k,n) onto the rectangle R
′
k,n = ωk,n(Rk,n), such that
h−1k,n ◦ ωn ◦ gk
∣∣∣∣
∆k,n
≡ fn
∣∣∣∣
∆k,n
.
Here one can obtain the map ωk,n substituting δ1 by δn in ωk,1. Denote by
| · | the Euclidean length.
We have
|fn(αk)| =
∫
f(αk)
|dw| =
∫
αk
|∂ fn(z)||1 + µn(z)dz¯/dz||dz| =
lk∫
0
∣∣∣∣ ∂∂ Z (fn ◦ g−1k )
∣∣∣∣(1− δn)|dZ|.
Integrating along the imaginary axis in the (Z)-plane and using the Fubini
formula we deduce that
1
n
|fn(αk)| =
∫∫
Rk,n
∣∣∣∣ ∂∂ Z (fn ◦ g−1k )
∣∣∣∣(1− δn)dσZ ,
where dσZ denotes the area element.
Then using the Schwarz inequality we derive
1
n
|fn(αk)| ≤

∫∫
Rk,n
∣∣∣∣ ∂∂ Z (fn ◦ g−1k )
∣∣∣∣2(1− δ2n)dσZ


1
2 √
1− δn
1 + δn
√
lk
n
=
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=
√
Sk,n
(
lk
n(1 + (1 + n)4)
) 1
2
,
where Sk,n is the Euclidean area of fn(∆k,n). The area distortion theorem for
univalent functions with the normalization z + a0 + a1/z + . . . , for |z| > R,
implies the estimate Sk,n < pi(1 +R)
4. So,
|fn(αk)| < (1 +R)
2
(
pinlk
1 + (1 + n)4
) 1
2
→ 0, as n→∞.
Thus, we construct the sequence of quasiconformal maps that shrinks the
curves from Fµ into points.
5. The Noded Teichmu¨ller space of G supported in ∆
Let G be a finitely generated Kleinian group and ∆ be a collection of com-
ponents of its region of discontinuity, invariant under the action of G. We are
in conditions to define a partial closure of T (G,∆) in a natural sense. As a
consequence of Theorems 2.2 and 2.3 and Lemma 2.1, we may extend the Te-
ichmu¨ller equivalence relation, given in the first section on L∞(∆, G)1, to the
whole L∞noded(∆, G) as follows. Let µ and ν be in L
∞
noded(∆, G) and wµ, wν be
associated noded quasiconformal deformations for G, respectively. Theorems
2.2 and 2.3 assert the existence of isomorphisms
θµ : G→ Gµ and θν : G→ Gν ,
where Gµ and Gν are Kleinian groups such that wµg = θµ(g)wµ and wνg =
θν(g)wν for all g ∈ G. We say that µ and ν are noded Teichmu¨ller equivalent
if there is an orientation preserving homeomorphism A : Ĉ→ Ĉ, such that
(1) A(wµ(Ω(µ))) = wν(Ω(ν));
(2) A : wµ(Ω(µ))→ wν(Ω(ν)) is conformal;
(3) θν(g) = Aθν(g)A
−1 for all g ∈ G.
We call the set of equivalence classes of noded Beltrami coefficients for G
supported in ∆, denoted by NT (∆, G), the noded deformation space of G
supported in ∆. If ∆ = Ω(G), then we denote it by NT (G).
Remark 5.1. If µ, ν ∈ L∞noded(∆, G) are noded Teichmu¨ller equivalent and µ ∈
L∞(∆, G)1, then (1) and (2) in above definition assert that ν ∈ L
∞(∆, G)1 and
that they are Teichmu¨ller equivalent. Moreover, the inclusion L∞(∆, G)1 ⊂
L∞noded(∆, G) induces, under the above equivalence relation, the inclusion
T (∆, G) ⊂ NT (∆, G).
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In the next we consider some particular classes of finitely generated Kleinian
groups to describe NT (G,∆) and relate it to already known partial closures
of Teichmu¨ller space.
Example 5.1. If G is either a finite Kleinian group or a finite extension of a
purely parabolic Kleinian group, then we have
L∞noded(Ω(G), G) = L
∞(Ω(G), G)1 = L
∞(Ĉ)1,
in particular, NT (G) = T (G). This example shows the importance of loxo-
dromic elements in G in order two get a non-trivial partial closure.
Example 5.2. Let G be the cyclic loxodromic group generated by C(z) = 2z.
In this case, we necessarily have that ∆ = Ω(G) = C − {0} = C∗. Example
2.1 asserts that
L∞noded(C
∗, G)− L∞(C∗, G)1 6= ∅.
Let µ and ν be in L∞noded(C
∗, G)−L∞(C∗, G)1. Each of the associated noded
families of arcs consists exactly of one arc. Denote these noded families by
Fµ = {αµ} and Fν = {αν}. Assume that wµ : Ĉ → Ĉ and wν : Ĉ → Ĉ
are corresponding noded quasiconformal deformations for G with the complex
dilatations µ and ν, respectively. Set wµ(αµ) = pµ and wν(αν) = pν . We have
the natural isomorphisms θµ : G→ Gµ and θν : G→ Gν , where Gµ and Gν are
cyclic groups of orientation preserving homeomorphisms of Ĉ, such that wµC =
θµ(C)wµ and wνC = θν(C)wν. We have that θµ(C) and θν(C) are conformal
homeomorphisms of Ĉ− {pµ} and Ĉ− {pν}, respectively. In particular, they
are Mo¨bius transformations. Since they have exactly one fixed point, they are
parabolic and analytically conjugate. The conjugacy is given by the Mo¨bius
transformation T : Ĉ → Ĉ defined by T (pµ) = pν , and T = w
−1
µ wν on the
complement. This transformation satisfies the equality θν(C) = Tθµ(C)T
−1.
Now we have that µ and ν are noded Teichmu¨ller equivalent. It follows that
the partial closure NT (G) of the deformation space T (G) (the Schottky space
of genus one, which is holomorphically equivalent to the punctured unit disc) is
given by adding a point to the boundary of it. This added point corresponds
exactly to the point we need to add to the genus one moduli space to get
Deligne-Mumford’s compactification; which is the Riemann sphere.
Example 5.3. Let G be a Schottky group of genus g ≥ 2. Set Ω its region
of discontinuity. In this case, we have that L∞noded(Ω, G) contains more points
than L∞(Ω, G)1. This is just a consequence of the construction done in Section
4 and also from the fact that Example 5.2 can be easily generalized to any
genus. For each µ ∈ L∞noded(Ω, G), the Kleinian group θ(G) of Theorem 2.1 is
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isomorphic to G and, by Theorem 2.2, geometrically finite. It follows from the
results of [7] that θ(G) is a noded Schottky group of rank g. It is not difficult
to see that each noded Schottky group of rank g may be obtained in the above
way. In particular, we have that NT (G) is exactly the noded Schottky space
of [7]. In [9] we have observed that most of the noded Schottky groups can
not be defined by circles, in particular, the noded Schottky groups (which are
not Schottky groups) obtained by allowance of tangencies of Schottky circles
as in [6] only form a small portion of the boundary of noded Schottky space.
Example 5.4. Let G be a torsion free co-compact Fuchsian group, keeping
the unit disc ∆1 invariant. Set ∆2 = Ĉ − ∆1. We have that T (∆i, G) is
the Teichmu¨ller space of G, which is a simply connected complex manifold of
complex dimension 3g − 3 (here g is the genus of G). Another space is T (G),
the deformation space of G. This is a simply connected complex manifold of
complex dimension 6g − 6. We have that T (G) is complex holomorphically
equivalent to T (∆1, G)× T (∆2, G). This equivalence is given by the holomor-
phic homeomorphism
[µ]→ ([µ1], [µ2]),
where µi is defined as µ on ∆i and zero on its complement. We also have the
partial closures NT (G), NT (∆1, G), and NT (∆2, G). The above holomorphic
map can be extended continuously to a homeomorphism between NT (G) and
NT (∆1, G) × NT (∆2, G). Each NT (∆i, G) can be identified with Abikoff’s
Augmented Teichmu¨ller space of G defined in [1] and [2]. Related to this case,
see also [8] and [14].
Remark 5.2. In the setting of representation of groups, we consider in the rep-
resentation space Hom(G,PGL(2,C)) those faithful representations of G which
are geometrically represented by noded quasiconformal deformations. This is a
natural generalization for the deformation space of G, on which one considers
the geometric representations given by quasiconformal homeomorphisms of G.
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